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DEFORMATIONS OF CERTAIN REDUCIBLE GALOIS REPRESENTATIONS
III
ANWESH RAY
Abstract. Let p be an odd prime and q a power of p. We examine the deformation the-
ory of reducible and indecomposable Galois representations ρ¯ : GQ → GSp2n(Fq)
that are unramified outside a finite set of primes S and whose image lies in a Borel
subgroup. We show that under some additional hypotheses, such representations have
geometric lifts to theWitt vectors W(Fq). The main Theorem 1.1 extends that of [3] in
which the n = 1 case was treated.
1. Introduction
Let p be an odd prime number and let Fq be the finite field with q = p
f elements. Let
S be a finite set of prime numbers. Serre’s Modularity conjecture states that an odd and
irreducible two-dimensional Galois representation
¯̺ : GQ,S → GL2(Fq)
is modular, i.e, lifts to a characteristic zero representation ̺ attached to a newform.
Moreover, the newformmay be chosen with optimal weight and with level equal to the
prime to p part of the Artin conductor of ¯̺. This is a celebrated theorem of Khare and
Wintenberger ([5]).
In [3], Hamblen and Ramakrishna prove a generalization of the weak form of Serre’s
conjecture for reducible two dimensional representation. They impose some conditions
on a two-dimensional representation ¯̺ : GQ,S → GL2(Fq)
(1) ¯̺ is reducible of the form
¯̺ =
(
ϕ ∗
1
)
where ϕ : GQ,S → F
×
q is a Galois character.
(2) The representation ¯̺ is odd, i.e. if c ∈ GQ denotes complex conjugation,
det ¯̺(c) = −1.
(3) The representation ¯̺ is indecomposable, i.e.
¯̺ 6≃ ϕ⊕ 1.
(4) The Galois characterϕ is stipulated to satisfy some conditions, for instance,ϕ /∈
{1, χ¯±1} where χ¯ is the mod p cyclotomic character.
(5) There is a further condition on ρ¯↾Gp , the reader may refer to condition 5 of The-
orem 2 in [3] for further details.
Hamblen andRamakrishna show that if ¯̺satisfies the abovementioned conditions, then
on enlarging the set of ramification S by a finite set of primesX , ¯̺has a lift ̺, which is
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geometric in the sense of Fontaine and Mazur
GQ,S∪X GQ,S GL2(Fq).
GL2(W(Fq))
¯̺
̺
The Fontaine-Mazur conjecture for residually reducibleGalois representations has been
settled by Skinner and Wiles [9] and therefore ̺ is modular. In effect, the theorem of
Hamblen-Ramakrishna settles the weak form of Serre’s conjecture for such ¯̺.
The prospect of generalizing this lifting result leads us to examine higher dimensional
Galois representations with image in a reductive subgroup G of GLn defined over Q.
SupposeB ⊂ G is a choice of a Borel overQ, and ρ¯ is a homomorphism
ρ¯ : GQ → G(Fq).
LetAd0 ρ¯ denote the Lie-algebra of the adjoint groupGad over Fq . The Fq vector space
Ad0 ρ¯ acquires an adjoint Galois action
Ad0 ρ¯ : GQ → AutFq(Ad
0 ρ¯).
It is imperative that ρ¯ is odd. For an element h ∈ G(Fq), denote byAd
0 ρ¯h the subspace
ofAd0 ρ¯ fixed by hw.r.t the adjoint action. We observe that
dimAd0 ρ¯h ≤ dimG− dimB .
The representation ρ¯ is odd if equality is achieved for the image of complex conjugation
c, i.e.
(1.1) dimAd0 ρ¯
¯ρ(c) = dimG− dimB .
In particular, the group G must contain an element h = ρ¯(c) for which equality 1.1 is
achieved. Such an element is said to induce a split Cartan-involution.
For n > 2,GLn(Fq) contains no such element. On the other hand, the general sym-
plectic groupGSp2n(Fq) does contain such elements and therefore there exist odd rep-
resentations with image inGSp2n(Fq). In [7], Patrikis generalized Ramakrishna’s lifting
theorem to representations with big image inGSp2n(Fq). The main result in this manu-
script is a generalization of the theorems of Patrikis and Hamblen-Ramakrishna.
We assume that our representation has image in GSp2n(Fq) for n ≥ 2. Denote
by W(Fq) the ring Witt vectors W(Fq). Associate to a commutative ring R, a non-
degenerate alternating form onR2n prescribed by the matrix
J :=
(
Idn
− Idn
)
.
The group of general symplectic matricesGSp2n(R) consists of matricesX which pre-
serve this form up to a scalar i.e. satisfy X tJX ∈ R× · J . The similitude character
ν : GSp2n(R) → R
× is defined by X tJX = ν(X) · J . The adjoint Lie-algebra
Ad0 ρ¯ := sp2n(Fq) is equipped with the adjoint action of GQ,S . Choose the following
Borel subgroup
B(Fq) :=
{(
C CD
λ(Ct)−1
)
| C upper-triangular and invertible,D symmetric, λ ∈ F×q
}
.
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Let
ρ¯ : GQ,S → GSp2n(Fq)
be a Galois representation with image in the Borel B(Fq) which is unramified at all
primes outside a finite set S. Composing ρ¯ with the similitude-character ν¯ defines a
Galois character to F×q
ψ¯ := ν¯ ◦ ρ¯ : GQ,S → Fq
×.
Let T ⊆ GSp2n denote the diagonal torus. Let ei,j denote the matrix with 1 in po-
sition on the i-th row and jth column and 0 in all other positions. Let t be the space of
diagonal matrices inAd0(ρ¯) spanned over Fq by the elementsHi := ei,i − en+i,n+i for
i = 1, . . . , n. Let L1, . . . , Ln be the dual basis toH1, . . . , Hn, an integer linear combi-
nation λ ofL1, . . . , Ln is viewed as character on T (Fq)which is trivial on the center of
GSp2n(Fq). This character is denoted by
ωλ : B(Fq)→ F
×
q ,
associated to which is the Galois character
σλ = ωλ ◦ ρ¯ : GQ,S → F
×
q .
The roots ofAd0 ρ¯ are specified by
Φ ={±2L1, . . . ,±2Ln}
∪{±(Li + Lj) | 1 ≤ i < j ≤ n}
∪{±(Li − Lj) | 1 ≤ i < j ≤ n}.
The choice of the Borel B ⊂ GSp2n prescribes the following choice of simple roots
∆ = {λi | i = 1, . . . , n}, with λi = Li − Li+1 for i < n and λn = 2Ln. With respect
to∆, the root 2L1 = 2
(∑n−1
i=1 λi
)
+λn is the highest root and the unique root of height
2n−1. Wewill require a certain form of indecomposability of the representation ρ¯with
respect to the subspace (Ad0 ρ¯)2L1 ⊂ Ad
0 ρ¯ spanned by 2L1.
Theorem 1.1. Let ρ¯ : GQ,S → B(Fq) be an upper triangular representation given by
ρ¯ =


ϕ1 ∗ ∗ · · · ∗ ∗ · · · ∗
ϕ2 ∗ · · · ∗ ∗ · · · ∗
. . .
...
...
...
...
...
ϕn ∗ ∗ · · · ∗
ϕ−11 ψ¯
∗ ϕ−12 ψ¯
...
...
. . .
∗ ∗ · · · ϕ−1n ψ¯


and assume that S is a finite set of primes which contains p. Assume that the following condi-
tions are satisfied
(1) n > 1, q > 5 and p > 2n
(2) the representation ρ¯ is odd.
(3) For any nonzero Fq[GQ,S]-submodule P ⊆ Ad
0 ρ¯, observe that the σ2L1 eigenspace
is a Galois stable submodule of P . We insist that
Pσ2L1 ≃ (Ad
0 ρ¯)σ2L1 .
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Likewise, we insist that for any Galois stable submoduleQ of Ad0 ρ¯∗,
Qχ¯σ2L1 ≃ (Ad
0 ρ¯∗)χ¯σ2L1 .
(4) Either of the following conditions are satisfied
(a) The image ρ¯(GQ(µp)) contains the group of diagonal matrices in Sp2n
T ∩ Sp2n(Fq) ⊂ ρ¯(GQ(µp)).
(b) For γ, γ′ ∈ Φ, with γ 6= γ′,
σγ 6= σγ′ .
Further, for γ ∈ ∆ and γ′ ∈ Φ
σγ 6= χ¯σγ′
where χ is cyclotomic character.
We take note of the fact that 4b follows from 4a.
(5) We require that the fieldsQ(Ad0 ρ¯, µp) andQ(µp2) are linearly disjoint overQ(µp).
(6) As γ ranges over∆, the Fp-span of the image of σγ in Fq is Fq .
(7) At each prime l ∈ S there is a liftable local deformation condition Cl with tangent
spaceNl of dimension
dimNl = H
0(Gl,Ad
0 ρ¯)
for l 6= p and
dimNp = H
0(Gp,Ad
0 ρ¯) + dimGSp2n− dimB .
Let ψ be a fixed choice of a lift of the character ψ¯. Then ∃ a finite set of auxiliary primes X
disjoint from S and a lift ρ
GQ,S∪X GQ,S GSp2n(Fq).
GSp2n(W(Fq))
ρ¯
ρ
for which
(1) ρ is geometric (in particular, irreducible)
(2) ϑ ◦ ρ = ψ
(3) for all l ∈ S , the restriction to the decomposition group ρ↾Gl ∈ Cl.
Remark 1.2. • The representation ρ¯ has distinct Hodge-Tate weights as the image of ρ¯
is required to contain the diagonal torus in Sp2n.
• For the purpose of obtaining geometric lifts (in the sense of Fontaine and Mazur) we
insist that the lift ψ of ψ¯ is chosen such that ψ(c) = −1.
• The deformation condition Cp can be chosen to be an appropriate p adic Hodge theoretic
condition so long as it is liftable and to has the stipulated dimension. For instance, in
[7] and [1] in which an irreducible residual representation is lifted to a geometric one,
the local deformation condition Cp is the crystalline deformation condition with some
additional hypotheses.
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2. Notation
• Let t be the space of diagonalmatrices inAd0(ρ¯) spanned overFq by the elements
Hi := ei,i − en+i,n+i for i = 1, . . . , n.
• Let L1, . . . , Ln ∈ t
∗ be the dual basis ofH1, . . . , Hn and
λ1 = L1 − L2,
. . .
λj = Lj − Lj+1,
. . .
λn−1 = Ln−1 − Ln,
λn = 2Ln.
Let∆ denote the set of simple roots∆ := {λ1, . . . , λn}.
• Denote by Φ = Φ(Ad0 ρ¯) the root system associated to ∆. The positive and
negative roots are denoted by Φ±.
• The highest root is 2L1, it is the unique root of height 2n− 1.
• The Borel groupB(Fq) consists ofmatricesM which are specified in block form
M =
(
C CD
λ(Ct)−1
)
where C ∈ GLn(Fq) is upper-triangular and invertible,D ∈ GLn(Fq) is sym-
metric and λ ∈ F×q .
• Let T = T (Fq) denote the group of diagonal matrices ofGSp2n(Fq).
• Associated with any root λ is a Galois character denoted by σλ : GQ,S → F×q
obtained by composing ρ¯with the character induced on B(Fq) by the root λ.
• For γ ∈ Φ, and a presentation of γ as a non-negative integer linear combina-
tion of simple roots γ =
∑
αiλi is unique, the height of γ is the sum of these
coefficients
ht(λ) :=
∑
i
αi.
Let (Ad0 ρ¯)k :=
⊕
α∈Φ
htα≥k
(Ad0 ρ¯)α, the subspaces (Ad
0 ρ¯)k are GQ,S-stable as
they are B(Fq) stable. Observe that the submodules (Ad
0 ρ¯)k give rise to an
increasing sequence of Fq[GQ,S]-modules
(Ad0 ρ¯)2n−1 ⊂ · · · ⊂ (Ad
0 ρ¯)0 ⊂ · · · ⊂ (Ad
0 ρ¯)−2n+1 = Ad
0 ρ¯.
• For k ≥ 1 let the exponential subgroup of B(Fq) generated by exp((Ad
0 ρ¯)k) be
denoted by Uk . The group U1 is the unipotent subgroup of B(Fq).
• For µ ∈ Φ letXµ ∈ (Ad
0 ρ¯)µ be a choice of a generator of (Ad
0 ρ¯)µ, i.e.,Xµ is
a root vector associated with µ. For instance when n = 2, we may choose root
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vectors as follows,
X2L1 :=

 0 10
0
0

, X2L2 :=

 0 0 1
0
0

,
XL1+L2 :=

 0 10 1
0
0

 andXL1−L2 :=

 0 10
0
−1 0


the rootsX−2L1, X−2L2 , X−L1−L2 andX−L1+L2 are the transposes ofX2L1, X2L2 , XL1+L2
andXL1−L2 respectively.
3. The General Lifting Strategy
Ramakrishna’s original geometric lifting theorem [8] provided evidence for Serre’s
modularity conjecture before itwas proved byKhare andWintenberger [5]. The geomet-
ric lifting construction was adapted to the reducible setting in [3]. The lifting strategy
in this manuscript is a higher dimensional generalization. The basic strategy involves
successively lifting ρ¯ to a characteristic zero geometric representation ρ by successively
lifting ρm to ρm+1 as is depicted in the diagram
GQ,S∪X GSp2n(Fq).
GSp2n(W(Fq)/p
m)
GSp2n(W(Fq)/p
m+1)
ρ¯
ρm
ρm+1
It is worth pointing out that the characteristic zero lift ρ is irreducible and its residual
representation ρ¯ is reducible.
At every prime lwe choose an embedding of ιl : Q¯ →֒ Q¯l. The absolute Galois group
Gl = Gal(Q¯l/Q) is identified with the decomposition group of the prime dividing l
determined by ιl. The restriction of a global Galois representation ̺ to the decomposi-
tion group at l identified withGl is denoted by ̺↾Gl . The local to global lifting argument
begins with the analysis of certain liftable deformation functors associated to ρ¯↾Gl .
Definition 3.1. Let C be the category of (pointed) coefficient rings over W(Fq). The
objects of this category consist of pairs (R, φ), where R is a complete local noetherian
W(Fq)-algebra with residue field isomorphic to Fq as aW(Fq)-algebra and φ is an alge-
bra isomorphism of the residue field with Fq . A morphism f : R1 → R2 in C consists
of an W(Fq)-algebra homomorphism such that for the induced homomorphism f¯ on
residue fields, φ1 = φ2 ◦ f¯ .
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Let l be a prime, given (R, φ) ∈ C, an (R, φ)-lift of ρ¯ is a lift ̺R of ρ¯ with respect to
φ,
Gl GSp2n(Fq).
GSp2n(R)
ρ¯↾Gl
φ
̺R
Two lifts ̺R and ̺
′
R are said to strictly-equivalent if there is
A ∈ ker{GSp2n(R)
φ
−→ GSp2n(Fq)}
such that ̺R = A̺
′
RA
−1. An (R, φ)-deformation of ρ¯↾Gl is a strict equivalence class of
lifts. The association Fl taking a pair (R, φ) to the set of Fl(R, φ) consisting of (R, φ)-
deformations of ρ¯↾Gl defines the functor of deformations of ρ¯↾Gl .
The ring of dual numbersFq[ǫ] := Fq[T ]/(T
2) is a coefficient ring equipped with the
mod ǫ isomorphism λ : Fq[ǫ]/(ǫ)
∼
−→ Fq . The tangent space of Fl , which defined as
tFl := Fl(Fq[ǫ], λ)
acquires a naturalFq vector space structure and is naturally isomorphic toH
1(Gl, Ad
0ρ¯).
We shall from here on in suppress the residual isomorphism φ in our notation and so
R ∈ C refers to a pair (R, φ) where φ is implicit. We shall allow ourselves this slight
abuse of notation when there is no room for confusion.
Definition 3.2. We say that a sub-functor F ′l of Fl is a deformation condition if the fol-
lowing conditions 1 to 3 are satisfied, and that F ′l is a liftable deformation condition if
condition 4 is also satisfied:
(1) F ′l (Fq, Id) = ρ¯↾Gl .
(2) Let R1 andR2 be in C, ρ1 ∈ F ′l (R1) and ρ2 ∈ F
′
l (R2). Let I1 be an ideal in R1
and I2 an ideal in R2 such that there is an isomorphism α : R1/I1
∼
−→ R2/I2
satisfying
α(ρ1 modI1) = ρ2 modI2.
LetR3 be the fibred product
R3 = {(r1, r2) | α(r1modI1) = r2modI2}
and ρ1 ⊕ ρ2 the inducedR3-representation, then ρ1 ⊕ ρ2 ∈ F
′
l (R3).
(3) Let R ∈ C with maximal ideal mR. If ρ ∈ Fl(R) and ρ ∈ F ′l (R/m
n
R) for all
n > 0 it follows that ρ ∈ F ′l (R). In other words, the functor F
′
l is continuous.
(4) Let R ∈ C and I an ideal such that I.mR = 0. Then for ρ ∈ F ′l (R/I) there
exists ρ′ ∈ F ′l (R) such that ρ = ρ
′modI .
The auxiliary set of primes we use in lifting ρ¯ to characteristic zero are an adaptation
of the trivial primes of [3], we simply refer to these as trivial primes. At each trivial
prime v we define a deformation condition Cv and a subspace Nv of H1(Gv, Ad0ρ¯)
such that for m ≥ 3, the action of Nv on Fv(W(Fq)/pm) stabilizes Cv(W(Fq)/pm)
and Nv at trivial primes has a large enough dimension for the application of the local
to global argument of Ramakrishna to be achieved. In greater detail, if X is a finite
set of trivial primes disjoint from S equipped with the stabilizing spaces Nv and the
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primes in l ∈ S are equipped with their tangent conditionsNl and at pwe prescribe the
crystalline deformation condition. LetN be the Selmer-conditionN := {Nv}v∈S∪X
andN⊥ := {N⊥v }v∈S∪X the dual-Selmer condition with respect to the nondegenerate
Tate pairing
H1(Gv, Ad
0ρ¯)×H1(Gv, Ad
0ρ¯∗)→ Fq.
Attached toN andN⊥ are the Selmer and dual-Selmer groups
H1N (GS∪X , Ad
0ρ¯) := ker{H1(GQ,S∪X, Ad
0ρ¯)
res
−→
⊕
l∈S∪X
H1(Gv, Ad
0ρ¯)
Nl
}
and
H1N⊥(GS∪X, Ad
0ρ¯∗) := ker{H1(GQ,S∪X, Ad
0ρ¯∗)
res
−→
⊕
l∈S∪X
H1(Gv, Ad
0ρ¯∗)
N⊥l
}.
In order for the Ramakrishnamethod to be applicable, it is required that the dimensions
of the Selmer and dual-Selmer groups match up
dimH1N (GS∪X , Ad
0ρ¯) = dimH1N⊥(GQ,S∪X, Ad
0ρ¯∗)
and it is for this reason that the spaces Nv need be large enough at trivial primes v ∈
X . Since the spaces Nv at a trivial prime v stabilize lifts only past mod p3, it becomes
necessary to produce a mod p3 lift ρ3 of ρ¯ before applying the general lifting-strategy.
There are three main steps we follow:
(1) first it is shown that there is a finite set of trivial primesX1 disjoint from S such
that the representation ρ¯ lifts to a mod p2 representation ρ2 which is unramified
outside S ∪X1.
(2) It is then shown that on adapting the method of Khare, Larsen and Ramakrishna
from [4], there is a finite set of trivial primesX2 ⊃ X1 disjoint fromS and amod
p3 lift ρ3 of ρ2 which is irreducible as a Galois representation and unramified at
primes outside S ∪X2.
(3) At this stage, all that remains to be shown is that the set of primes X2 may be
further enlarged to a set of trivial primes X which is disjoint from S such that
the dual-Selmer groupH1N⊥(GS∪X , Ad
0ρ¯∗) = 0.
This final step warrants some explanation, let ρm be a mod p
m lift of ρ3. We are re-
quired to lift ρm to a mod p
m+1 representation ρm+1. We observe that since the dual
Selmer group is zero, so is theX1 group
X
1(Ad0ρ¯∗) := ker{H1(GQ,S∪X, Ad
0ρ¯∗)
res
−→
⊕
l∈S∪X
H1(Gl, Ad
0ρ¯∗)} = 0.
The duality of X groups asserts that X1S∪X(Ad
0ρ¯∗)∗ = X2S∪X(Ad
0ρ¯). If it were
the case that for all primes l ∈ S ∪ X , ρm↾Gl ∈ Cl , then since X
2
S∪X(Ad
0ρ¯) = 0,
it follows that since there are no obstructions to lifting ρm↾Gl , there are no global ob-
structions to lifting ρm either. After picking a suitable global cohomology class z ∈
H1(GQ,S∪X, Ad
0ρ¯) and replacing ρm by its twist (Id + p
m−1z)ρm, the new represen-
tation ρm now is locally liftable and hence liftable to ρm+1. In greater detail, it is shown
that at each prime l ∈ S ∪X there is a cohomology class zl ∈ H1(Gl, Ad0ρ¯) such that
the twist (Id+ pzl)ρm↾Gl of ρm↾Gl does lie in Cl. Sincem ≥ 3 andNv stabilizes Cv for
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l ∈ S∪X , the elements zl are definedmoduloNl. It follows from the Poitou-Tate exact
sequence that since the dual Selmer group is zero, the Selmer map
H1(GQ,S∪X, Ad
0ρ¯)
res
−→
⊕
l∈S∪X
H1(Gl, Ad
0ρ¯)
Nl
is surjective and consequently, the tuple
(zl) ∈
⊕
l∈S∪X
H1(Gl, Ad
0ρ¯)
Nl
lifts to a global cohomology class z which is unramified at primes outside S ∪ X . On
twisting ρm by the cohomology class z as indicated previously, we may lift ρm to a mod
pm+1 representation ρm+1 which is also unramified at primes outside S ∪X .
4. Preparations for the Vanishing ofX2
Prior to lifting ρ¯ to characteristic zero, we show that ρ¯ lifts to amod p2 representation
after possibly increasing the set of ramification. By assumption, for l ∈ S , the local
representation ρ¯↾Gl satisfies the liftable deformation condition Cl and therefore lifts to
mod p2.
Definition 4.1. LetZ be a finite set of primes andM be an Fq[GQ,Z ]-module, theX
i-
groups associated toM and the set of primes Z are defined as follows
X
i
Z(M) := ker{H
i(GQ,Z,M)→
⊕
l∈Z
H i(Gl,M)}.
LetX1 be a finite set of primes disjoint from the setSwhich contains the set of primes
where ρ¯ is ramified and such that for all prime l ∈ X1, the representation ρ¯↾Gl lifts to a
mod p2 representation. We shall show in due course that such primes exist in abundance.
Let τ be a set theoretic lift of ρ¯
GQ,S∪X1 GSp2n(Fq),
GSp2n(W(Fq)/p
2)
ρ¯
τ
the obstruction classO(ρ¯) of ρ¯ is the cohomology class of the 2-cocycle
(g1, g2) 7→ τ(g1g2)τ(g2)
−1τ(g1)
−1.
TheObstruction class is well defined since it does not depend on the choice set-theoretic
lift τ . Since ρ¯ is a homomorphism,O(ρ¯) takes values in
Ad0ρ¯ ≃ ker{GSp2n(W(Fq)/p
2)→ GSp2n(Fq)}.
The residual representation ρ¯ lifts to a representation ρ2 ramified only at primes in S ∪
X1 if and only if the obstruction class O(ρ¯) ∈ H2(GS∪X1 , Ad
0ρ¯) is zero. For l ∈
S , the local representation ρ¯↾Gl is on Cl which is a liftable deformation condition (by
assumption) and thus lifts tomodp2. At a prime l ∈ X1, ρ¯ is unramified and thus it is easy
to see that ρ¯↾Gl lifts tomod p
2 for l /∈ X1. As a consequence, the local obstruction classes
O(ρ¯↾Gl) are all zero. Consequently, the global obstruction classO(ρ¯) ∈X
2
S∪X1
(Ad0ρ¯).
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As a first step, we will show that a set of finitely many auxiliary primes X1 can be
chosen so that X2S∪X1(Ad
0ρ¯) = 0. It follows from the previous discussion that for
such a set of primes, ρ¯ lifts to mod p2 representation ρ2 as depicted
GQ,S∪X1 GSp2n(Fq).
GSp2n(W(Fq)/p
2)
ρ¯
ρ2
In general, if X is a finite set of primes containing X1 disjoint to S there exists a lift
ρm to mod p
m such that ρm is unramified at primes l /∈ S ∪ X1 and for l ∈ S ∈ X ,
ρm↾Gl ∈ F
′
l (W(Fq)/p
m), then ρm lifts to a mod p
m+1 representation ρm+1.
Lemma 4.2. Assume that condition 4a of Theorem 1.1, then condition 4b follows.
Proof. A root λ ∈ Φ may be represented as a sum of simple roots λ =
∑n
i=1 αi(λ)Li
with αi ∈ {0,±1,±2}. Let t ∈ T ∩ Sp2n(Fq) be a diagonal element, condition 4a
stipulates that there does exist g ∈ GQ(µp) with ρ¯(g) = t. Consequently, σλ(g)may be
expressed as a product
σλ(g) =
n∏
i=1
t
αi(λ)
i .
We observe that for γ, γ′ ∈ Φ,
σγσ
−1
γ′ (g) = σγχ¯σ
−1
γ′ (g) =
n∏
i=1
t
αi(γ)−αi(γ′)
i
and as a result, σγ = σγ′ if and only if for all 1 ≤ i ≤ n
αi(γ) ≡ αi(γ
′) mod q − 1.
As q > 5 and | αi(γ)− αi(γ′) |≤ 4 this is only possible when αi(γ) = αi(γ′) for all i
i.e. γ = γ′. The same goes to show that σγχ¯ 6= σγ′ for γ 6= γ′. 
Henceforth, we assume that 4b is satisfied by ρ¯.
Lemma 4.3. For 0 ≤ k ≤ n there is an isomorphism of Fq[GQ,S]-modules
(Ad0 ρ¯)k/(Ad
0 ρ¯)k+1 ≃
⊕
htγ=k
Fq(σγ).
Proof. Suppose first that k ≥ 1. Let γ be of height k. LetX ∈ (Ad0 ρ¯)γ , we observe that
ρ¯(g) ·X · ρ¯(g)−1 ≡ σγ(g)X mod (Ad
0 ρ¯)k+1.
If k = 0 andX ∈ t, the conjugation action onX modulo (Ad0 ρ¯)1 is trivial. 
Definition 4.4. For a character σ : GQ,S → F×q letNσ be the number of roots γ ∈ ∆
for which σγ = σ, by condition 4 of Theorem 1.1
Nσ =
{
1 if σ = σγ for γ ∈ ∆
0 otherwise.
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LetG = Gal(Q(Ad0ρ¯)/Q)be the group cut out byAd0ρ¯ and letL = Q({ϕi}1≤i≤n, ψ¯)∩
Q(Ad0 ρ¯) the subfield on which the diagonal characters ϕi and the mod p similitude
character ψ¯ are trivial andN = Gal(Q(Ad0ρ¯)/L). For the dualAd0 ρ¯∗,
G′ := Gal(Q(Ad0 ρ¯∗)/Q) = Gal(Q(Ad0 ρ¯, µp)/Q)
and letN ′ := Gal(Q(Ad0 ρ¯∗)/L(µp)),
Q.
L
L(µp)Q(Ad
0 ρ¯)
Q(Ad0 ρ¯∗)
N
N
′
Lemma 4.5. Let σ : G/N → F×q be a character,
(1) dimHom(N,Fq(σ))
G/N = Nσ
(2) dimHom(N′,Fq(σ)
∗)G
′/N′ = Nσ−1χ¯ = 0
(3) dimH1(G, (Ad0 ρ¯)k/(Ad
0 ρ¯)k+1) =
{
dim t if k = 1
0 otherwise
(4) for all k, dimH1(G′, ((Ad0 ρ¯)k/(Ad
0 ρ¯)k+1)
∗) = 0.
Proof. The groupNab could be identified with a subgroup
ρ¯(N)ab ⊆ U1/U2(Fq) ≃
⊕
γ∈∆
Fq(σγ).
By condition 5 of Theorem 1.1, any G/N equivariant map from Fq(σγ) to Fq(σ) is
determined by the image of any nonzero element. Therefore,
Hom(Fq(σγ),Fq(σ))
G/N =
{
Fq if σγ = σ
0 otherwise.
We have isomorphisms
Hom(N,Fq(σ))
G/N
≃Hom(Nab,Fq(σ))
G/N
≃
⊕
γ∈∆
Hom(Fq(σγ),Fq(σ))
G/N
≃FNσq .
For Part (2), observe that N ≃ N ′ as groups and that N ′ ∩ G = N . There is the
natural mapG′/N ′ → G/N . Let L1 be the field in betweenQ(Ad
0 ρ¯) and L for which
11
Gal(L1/L) ≃ Nab. L1 is a p extension of L and so L1 ∩ L(µp) = L, the extension
L1(µp) is a composite of abelian extensions ofL and so is abelian.
Q
L
L(µp)L1
L1(µp)
N
ab
N
′ab
It follows that the action ofG′/N ′ onN ′ab descends toG/N such that asG/N-modules
N ′
ab
≃ Nab.
It follows that
Hom(N′,Fq(σ
−1χ¯))G
′/N′
≃Hom((N′)ab,Fq(σ
−1χ¯))G
′/N′
≃F
N
σ−1χ¯
q .
By condition 4 of Theorem 1.1,Nχ¯σ−1γ = 0 and 2 follows.
By inflation-restriction and part 1
dimH1(G, (Ad0 ρ¯)k/(Ad
0 ρ¯)k+1)
= dimHom(N, (Ad0 ρ¯)k/(Ad
0 ρ¯)k+1)
G/N
=
∑
γ∈Φ,ht(γ)=k
dimHom(N,Fq(σγ))
G/N
=
∑
γ∈Φ,ht(γ)=k
Nσγ
=
{
dim t if k = 1
0 otherwise
.
Part 4 follows from part 2 just as part 3 followed from part 1 as the following calculation
shows
dimH1(G′, (Ad0 ρ¯)k/(Ad
0 ρ¯)k+1)
= dimHom(N′, (Ad0 ρ¯)k/(Ad
0 ρ¯)k+1)
G′/N′
=
∑
γ∈Φ,ht(γ)=k
dimHom(N′,Fq(σγ)
∗)G
′/N′
=
∑
γ∈Φ,ht(γ)=k
Nχ¯σ−1γ = 0.

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Definition 4.6. Let εk ⊂ Ad0ρ¯∗ be the subspace of Ad0ρ¯∗ consisting of f ∈ Ad0ρ¯∗
for which f↾(Ad0ρ¯)k = 0, i.e. εk := ker{Ad
0ρ¯∗ → (Ad0 ρ¯)∗k}. We observe that εk is
isomorphic to (Ad0 ρ¯/(Ad0 ρ¯)k)
∗.
Remark 4.7. For k > −2n+ 1, the submodule εk 6= 0 and by condition 3 of Theorem 1.1,
εk,χ¯σ2L1 ≃ (Ad
0 ρ¯)∗χ¯σ2L1
.
Lemma 4.8. (1) H1(G,Ad0 ρ¯) = 0
(2) for all k,H1(G′, εk) = 0 and in particular,H
1(G′,Ad0 ρ¯∗) = 0.
Proof. We begin with the proof of 1 first, associated to the short exact sequence ofFp[G]
modules,
0→ (Ad0 ρ¯)1 → Ad
0 ρ¯→ Ad0 ρ¯/(Ad0 ρ¯)1 → 0
is the exact sequence in cohomology
H0(G,Ad0 ρ¯) H0(G,Ad0 ρ¯/(Ad0 ρ¯)1)
H1(G, (Ad0 ρ¯)1) H
1(G,Ad0 ρ¯) H1(G,Ad0 ρ¯/(Ad0 ρ¯)1).
∂
By condition 3 of Theorem 1.1, Ad0 ρ¯ does not contain any submodules with trivial
Galois action and as a consequence,H0(GQ,Ad
0 ρ¯) = 0. To prove 1 we show that
• H0(G,Ad0 ρ¯/(Ad0 ρ¯)1)
∂
−→ H1(G, (Ad0 ρ¯)1) is an isomorphism and
• H1(G,Ad0 ρ¯/(Ad0 ρ¯)1) = 0.
The condition 6 of Theorem 1.1 stipulates that the characters σγ span Fq and so in par-
ticular are non trivial. Therefore for k ≥ 1,
H0(G, (Ad0 ρ¯)−k/(Ad
0 ρ¯)−k+1) =
⊕
htγ=−k
H0(G,Fq(σγ)) = 0.
For i ≤ 0, we deduce that
H0(G, (Ad0 ρ¯)i/(Ad
0 ρ¯)1)
∼
−→ H0(G, (Ad0 ρ¯)i−1/(Ad
0 ρ¯)1).
Composing these isomorphisms we have that
(Ad0 ρ¯)0/(Ad
0 ρ¯)1 = H
0(G, (Ad0 ρ¯)0/(Ad
0 ρ¯)1)
∼
−→ H0(G,Ad0 ρ¯/(Ad0 ρ¯)1).
We have deduced that
dimH0(G,Ad0 ρ¯/(Ad0 ρ¯)1) = dim(Ad
0 ρ¯)0/(Ad
0 ρ¯)1 = dim t.
By Lemma 4.5 part 3,
dimH1(G, (Ad0 ρ¯)1/(Ad
0 ρ¯)2) = dim t = dimH
0(G,Ad0 ρ¯/(Ad0 ρ¯)1).
In order to show that the connecting map ∂ is an isomorphism it therefore suffices to
show that
(4.1) dimH1(G, (Ad0 ρ¯)1) ≤ dimH
1(G, (Ad0 ρ¯)1/(Ad
0 ρ¯)2)
which follows if we show thatH1(G, (Ad0 ρ¯)2) = 0. By Lemma 4.5,
dimH1(G, (Ad0 ρ¯)i/(Ad
0 ρ¯)i+1) =
{
dim t if i = 1
0 if i ≥ 2
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Therefore,
H1(G, (Ad0 ρ¯)2) ≃ H
1(G, (Ad0 ρ¯)3) ≃ · · · ≃ H
1(G, (Ad0 ρ¯)2n) = 0
and we deduce that ∂ is an isomorphism and
H1(G,Ad0 ρ¯) →֒ H1(G,Ad0 ρ¯/(Ad0 ρ¯)1)
is an injection. By part 3 of Lemma 4.5, for i ≤ 1,
H1(G, (Ad0 ρ¯)i−1/(Ad
0 ρ¯)i) = 0.
We deduce that for i ≤ 1, the natural map is an injection
H1(G,Ad0 ρ¯/(Ad0 ρ¯)i) →֒ H
1(G,Ad0 ρ¯/(Ad0 ρ¯)i−1).
Composing these maps, we deduce thatH1(G,Ad0 ρ¯/(Ad0 ρ¯)1) = 0. We have proved
part 1.
By Lemma 4.5,
H1(G′, ((Ad0 ρ¯)i−1/(Ad
0 ρ¯)i)
∗) = 0
from which we deduce that
H1(G′, εi−1)→ H
1(G′, εi)
is a surjection for all i. As
ε−2n+1 ≃ (Ad
0 ρ¯/(Ad0 ρ¯)−2n+1)
∗ = 0
we deduce thatH1(G′, εi) = 0. 
5. Deformation conditions at Auxiliary Primes
In this section, we describe local conditions at auxiliary primes. We follow Fakhrud-
din, Khare and Patrikis [2] who define local conditions at trivial primes for any reductive
group over Zp. The deformation conditions at trivial primes generalize those of Ham-
blen and Ramakrishna.
Definition 5.1. v is a trivial prime if
• Gv ⊆ ker ρ¯ or equivalently if v splits in the extension
Q(ρ¯) = Q(Ad0 ρ¯, ψ¯).
• The prime v satisfies the congruences
v ≡ 1 mod p
and
v 6≡ 1 mod p2,
equivalently, v is split inQ(µp) but non-split inQ(µp2).
Let E be the fieldQ(ρ¯, µp) which as stipulated in condition 5 of Theorem 1.1 does not
containQ(µp2).
Lemma 5.2. (1) Let 0 6= ϕ ∈ H1(GQ,S,Ad
0 ρ¯) letLϕ be the field extension ofQ(Ad
0 ρ¯)
cut out by ϕ. Then Lϕ 6= Q(Ad
0 ρ¯).
(2) Let 0 6= ψ ∈ H1(GQ,S,Ad
0 ρ¯∗) letKψ be the field extension ofQ(Ad
0 ρ¯∗) cut out
by ψ. ThenKψ 6= Q(Ad
0 ρ¯∗).
14
Proof. Parts 1 and 2 follow from 1 and 2 respectively of Lemma 4.8 and the inflation-
restriction sequence. 
Proposition 5.3. LetM denote the finite set ofGQ-modules
M := {Ad0 ρ¯/(Ad0 ρ¯)k | k ∈ Z} ∪ {εk | −2n + 1 ≤ k ≤ 2n− 1}.
There is a finite set T ⊃ S such that T/S consists of only trivial primes such that for all
M ∈M,
(5.1) ker{H1(GT ,M)→
⊕
w∈T\S
H1(Gw,M)} = 0
and so in particular,
X
1
T (M) = 0.
Proof. We show that T can be chosen for which
X
1
T (Ad
0 ρ¯∗) = 0,
the argument for anyM ∈ M is identical. For 0 6= ψ ∈ H1(GQ,S,Ad
0 ρ¯∗) letKψ ⊃
Q(Ad0 ρ¯∗) be the field extension cut out by ψ, by Lemma 5.2,Kψ ) Q(Ad
0 ρ¯∗). The
extensions Eψ := E · Kψ and E1 := E · Q(µp2) are non-trivial extensions of E and
there is a Chebotarev class of primes which are non-split in Eψ and E1 but are split in
E. Pick v in this class, for Z a finite set of primes containing v and S , ψ↾Gv . We may
therefore choose a finite set of primes T such that
• T is finite,
• T\S consists of only trivial primes,
• ker{H1(GT ,Ad
0 ρ¯∗)→
⊕
w∈T\SH
1(Gw,Ad
0 ρ¯∗)} = 0.

Remark 5.4. For a prime l 6= p, deformations of ρ¯↾Gl are tamely ramified, the Galois group of
the maximal pro-p extension ofQl generated by the Frobenius σl and generator of tame pro-p
intertia τl. These satisfy the relation
σlτl = τ
l
lσl.
We associate to a root α, the root-subspace Uα is the image of the exponential map
(sp2n)α → GSp2n .
We let Z(Uα) be short hand for ZG(Uα) forG = GSp2n.
Definition 5.5. [2, Definition 3.1] Let v be a trivial prime which will be ramified mod
p2 in our lifting construction. Let α = −2L1, the deformation condition Cv = C
ram
v
is defined so that the deformations consist of the deformation classes of lifts ̺ of ρ¯↾Gv
such that
(1) ̺(σv) ∈ T · Z(Uα),
(2) under the composite
T · Z(Uα)→ T /(T ∩ Z(Uα))
α
−→ GL1
̺(σv)maps to v,
(3) ̺(τv) ∈ Uα.
Recall thatXα is a root vector associated to the root α.
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We shall denote by the kernel of α restricted to t by tα. The deformation condition
Cαv is its associated space
Pαv ⊂ H
1(Gv,Ad
0 ρ¯) = Hom(Gv,Ad
0 ρ¯)
which stabilizes it. This is the tangent space of Cαv and consists of homomorphisms
φ(σv) ∈ tα + Cent((Ad
0 ρ¯)α)
φ(τv) ∈ (Ad
0 ρ¯)α.
Let Φα denote the subset of roots β such that [(Ad0 ρ¯)α, (Ad
0 ρ¯)β] 6= 0 and let Sαv
consist of φ such that
φ(σv) ∈
⊕
β∈Φα
(Ad0 ρ¯)β,
φ(τv) = 0.
Let v be a trivial prime which will be ramified mod p2 in our lifting argument. Asso-
ciated to Cramv is the spaceNv = N
ram
v defined by
Nv := P
α
v + S
α
v .
Definition 5.6. Let v be a prime which is unramified mod p2 in our lifting argument.
Let α = 2L1 and Cv = Cnrv consist of deformations
̺′ = (Id+X−α)̺(Id+X−α)
−1
where ̺ satisfies the conditions of Definition 5.5. Let v be a trivial prime which will be
ramified modulo p2 and α = 2L1. Associated to Cv is the space
Nv = N
nr
v := (Id+X−α)(P
α
v + S
α
v )(Id+X−α)
−1.
Lemma 5.7. [2, Lemma 3.2, 3.6] Let v be a trivial prime (for which either Cv = Cramv or
Cnrv is the chosen deformation condition) andX ∈ Nv ,
(1) dimFq Nv = dimFq Ad
0 ρ¯ = dimH0(Gv,Ad
0 ρ¯).
(2) Letm ≥ 3 and ρm ∈ Cv(W(Fq)/pm), then
(Id+ pn−1X)ρm ∈ Cv(W(Fq)/p
m).
(3) It is shown in [2] that Cv is a liftable deformation condition (see Lemma 3.2).
6. Lifting to mod p3
ByProposition5.3 there is a finite set of primesT containingS such thatX1T (Ad
0 ρ¯∗) =
0. The set of primes T\S are trivial primes. At each of these primes in v ∈ T\S let
Cv = Cramv . By global-duality,
X
2
T (Ad
0 ρ¯) ≃X1T (Ad
0 ρ¯∗)∨ = 0.
Thus there is no obstruction to lifting ρ¯ to ζ2
(6.1)
GT GSp2n(Fq).
GSp2n(W(Fq)/p
2)
ρ¯
ζ2
16
At each prime v ∈ T there exists zv ∈ H1(Gv,Ad
0 ρ¯) such that the twist (Id +
zvp)ζ2↾Gv ∈ Cv(W (F)/p
2). In this section we show that on increasing the set T , there
does exist a global cohomology class Z ∈ H1(GT ,Ad
0 ρ¯) such that Z↾Gv = zv for
v ∈ T . On replacing ζ2 by the twist ρ2 = (Id + Zp)ζ2, we deduce that the local rep-
resentations ρ2↾Gv all lift to W (F)/p
3. As a consequence, the global obstruction class
O(ρ2) ∈X2S∪T (Ad
0 ρ¯) = 0. As a result, ρ2 must lift to aW (F)/p
3.
Lemma 6.1. Let P ⊆ Ad0 ρ¯∗ be a nonzero G′ = Gal(Q(Ad0 ρ¯∗)/Q) stable subgroup
and let ιP : P → Ad
0 ρ¯∗ denote the inclusion. The G′-equivariant homomorphism spans
HomFq(P,Ad
0 ρ¯∗)G
′
, i.e.
HomFq(P,Ad
0 ρ¯∗)G
′
= FqιP.
Proof. The groupGal(Q(Ad0 ρ¯∗)/Q(µp)) can be identifiedwith a quotient of the group
Π := ρ¯∗(GQ(µp)). On the other hand,
Π = ρ¯∗(GQ(µp)) ≃ ρ¯(GQ(µp))
contains the torus of Sp2n(Fq). We deduce that there is a homomorphism
(T ∩ Sp2n)(Fq)→ G
′
and any finite dimensional G′ module splits into eigenspaces for the induced action
of (T ∩ Sp2n)(Fq). Since the eigenspaces of Ad
0 ρ¯∗ are the 1 dimensional, so are the
eigenspaces of P . We may write this decomposition as
P = P1 ⊕
(⊕
γ∈Φ
Pχ¯σγ
)
.
Since the characters χ¯σγ are all distinct we deduce that forϕ ∈ Hom(P,Ad
0 ρ¯∗)G
′
and
p ∈ Pχ¯σγ there is β ∈ Fq such that
ϕ(p) = βp.
We deduce therefore that for γ ∈ Φ, there exists β ∈ Fq such that the eigenspace
Pχ¯σγ ⊂ Pϕ=β := {p ∈ P | ϕ(p) = βp}.
Let β ∈ Fq be such that Pϕ=β 6= 0. As an Fq[G′]-submodule, Pϕ=β must contain
(Ad0 ρ¯)∗
χ¯σ−12L1
if it is not 0. This shows that ∃β ∈ Fq such that⊕
γ∈Φ
Pχ¯σγ ⊆ Pϕ=β.
It remains to show that P1 ⊂ Pϕ=β for this choice of β. For t ∈ P1 and g ∈ GQ,S , since
g ∈ B(Fq), the commutativity of the torus implies that
g · t− t = gtg−1 − t ∈

⊕
γ∈Φ+
Pχ¯σ−1γ

 ⊆ Pϕ=β.
Let t′ := βt− ϕ(t),
g · t′ − t′
= g · (βt− ϕ(t))− (βt− ϕ(t))
= β(g · t− t)− ϕ(g · t− t) = 0
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since g · t − t ∈ Pϕ=β . Since there are no non-zero Fq[G′] submodules of t∗ (every
submodule must contain (Ad0 ρ¯)∗χ¯σ2L1
), we deduce that
t′ = 0
and therefore t ∈ Pϕ=β . We conclude that P = Pϕ=β , i.e. ϕ = βιP . 
Corollary 6.2. LetP1 andP2 beG
′-submodules ofAd0 ρ¯∗ such that there is an isomorphism
φ : P1
∼
−→ P2 of Galois modules. Then P1 = P2 and φ is multiplication by a scalar.
Proof. Let ιPi : Pi →֒ Ad
0 ρ¯ be the inclusion. By Proposition 6.1, the two inclusions ιP1
and ιP2 ◦ φ are the same upto a scalar. The assertion follows. 
Lemma 6.3. Let P be a G-submodule of Ad0 ρ¯ for which P−2L1 ≃ (Ad
0 ρ¯)−2L1 . Then
P = Ad0 ρ¯.
Proof. Let Q := {γ ∈ Ad0 ρ¯∗ | γ(x) = 0 for x ∈ P}. The assumption on P implies
thatQχ¯σ2L1 = 0. By condition 3 ofTheorem 1.1,Q = 0, and therefore,P = Ad
0 ρ¯. 
Definition 6.4. Let K := Q(Ad0 ρ¯∗) be the the smallest field for which the adjoint
action on Ad0 ρ¯∗ becomes trivial when restricted to GK . For a cohomology class ψ ∈
H1(GQ,Ad
0 ρ¯∗), the restriction ψ↾GK is a homomorphism. LetKψ ⊇ K be the exten-
sion defined by this homomorphism, i.e. the smallest extension over which ψ is 0. The
Galois groupGal(Kψ/K) is aG
′ submodule ofAd0 ρ¯∗. Likewise, L := Q(Ad0 ρ¯) and
for a cohomology class f ∈ H1(GQ,Ad
0 ρ¯) letLf denote the extension ofL cut out by
f .
Lemma6.5. LetZ be a finite set of primes containingS and letω1, . . . , ωt ∈ H1(GQ,Z ,Ad
0 ρ¯∗)
be a collection of 1 cohomology classes. Denote the field cut out by ωj byKj := Kωj . The field
Q(µp2) is not contained in the compositeK1 · · ·Kt or equivalently,
K1 · · ·Kt ∩Q(µp2) = Q(µp).
Proof. We prove this by an inductive argument. For 1 ≤ j ≤ t, let Fj denote the com-
posite of the first j fields
Fj := K1 . . .Kj .
We begin by showing the base case
K1 ∩Q(µp2) = Q(µp).
SinceKψ is an abelian extension ofK , the Galois groupGal(Kψ/K) inherits an action
ofG′ induced by conjugation so we regardGal(Kψ/K) as anFq[G
′]-module. As an Fq-
vector spaceGal(K1/K) can be identified with the subspaceP1 := ω1(GK) ⊂ Ad
0 ρ¯∗.
By inflation-restriction,
ω1↾GK ∈ Hom(GK,Ad
0 ρ¯∗)Gal(K/Q),
we deduce that P1 is a submodule ofAd
0 ρ¯∗ for the adjoint action for the adjoint action
ofG′ = Gal(K/Q) onAd0 ρ¯∗. Therefore,
Gal(Kψ/K) ≃ P1
as Fq[G
′]-modules as well. Denote the subgroup Gal(K1 ∩ Q(µ2p)/K ∩ Q(µp)) of P1
byQ1. By condition 5 of Theorem 1.1,
K ∩Q(µp2) = Q(µp)
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and so
Q = Gal(K1 ∩Q(µp2)/Q(µp)).
It suffices therefore to show that Q = 0. This is seen on identifying Q with a quotient
of P by aG′ stable submodule such thatG′ acts trivially on this quotient. There are no
such quotients since for γ ∈ Φ, we have assumed that χ¯σγ 6= 1. That concludes the case
j = 1. Next we prove the induction step by showing that
Fj ∩Q(µp2) = Fj−1 ∩Q(µp2)
for j > 1.
Let
Pj := Gal(Fj/Fj−1) = Gal(Kj/Kj ∩ Fj−1),
Qj := Gal(Fj ∩Q(µp2)/Fj−1 ∩Q(µp2))
and let
τ : Pj → Qj
denote the quotient map. Since Fj is an abelian extension ofK , the groups Pj and Qj
inherit a conjugation action fromG′ = Gal(K/Q) for which the map τ isG′ equivari-
ant. We identify Pj = Gal(Kj/Kj ∩ Fj−1) with ωj(GKj∩Fj−1) ⊂ Ad
0 ρ¯∗. Since there
are no G′ stable quotients of Pj on which G
′ acts trivially Qj = 0 and it follows by
induction that
Fj ∩Q(µp2) = K ∩Q(µ
2
p) = Q(µp),
and so too for j = t. 
Proposition6.6. LetT be as in Proposition 5.3 andψ be a nonzero element inH1(GQ,T ,Ad
0 ρ¯∗)
and letW ⊂ H1(GQ,T ,Ad
0 ρ¯∗) be a subspace not containing ψ. Then, there exists a trivial
prime v such that
ψ↾Gv 6= 0
β↾Gv = 0 for all β ∈ W.
Moreover we may choose v so that v does not split completely in the χ¯σ2L1-eigenspace of
Gal(Kψ/K) when viewed as a Galois submodule of Ad
0 ρ¯∗.
Proof. By condition 5 of Theorem 1.1 the intersection
Q(µp2) ∩K = Q(µp).
Let {ψ1, . . . , ψr} be a basis ofW and denote by the composite
F := Kψ1 · · ·Kψr .
Set
P = Gal(Kψ/K)
and let J ⊂ Kψ be the field fixed by Pχ¯σ2L1 . Since ψ 6= 0 by Lemma 4.8 it follows that
P 6= 0. As a consequence of condition 3 of Theorem 1.1 we deduce that Pχ¯σ2L1 6= 0
and in particular, J ( Kψ . If we show that
(1) F ∩Kψ 6= Kψ ,
(2) F ∩Kψ ⊆ J ,
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the result follows.
Set L = F ·Kψ = Kψ1 · · ·Kψr ·Kψ . We consider the following field diagram,
Q(µp).
F ∩Kψ
J
KψF = Kψ1 · · ·Kψr
Q(µp2)
L = Kψ1 · · ·Kψr ·Kψ
We need to show that there is a rational prime v which is split in F and nonsplit in
Q(µp2) and from J to Kψ . Since J ( Kψ we deduce that there is a rational prime
v which is nonsplit from J to Kψ . Since the extension from J to Kψ has a nontrivial
Galois action of Gal(K/Q) we may simultaneously insist that v is nonsplit in Q(µp2)
but split inQ(µp). Finally, invoking Lemma 6.5,
F ∩Q(µp2) = Q(µp)
we see that it may be insisted that v is split in F too. We proceed to check the two
conditions 1 and 2. We begin with condition 1. LetL = Kψ ·Kψ1 · · ·Kψr we show that
L 6= F and 1 follows. By inflation-restriction,
dimH1(Gal(L/Q),Ad0 ρ¯∗) = dimH1(GQ,T ,Ad
0 ρ¯∗) ≥ r + 1.
We show that
dimH1(Gal(F/Q),Ad0 ρ¯∗) ≤ r
by showing by induction that L 6= Kψ1 · · ·Kψr for 1 ≤ s ≤ r.
dimH1(Gal(Kψ1 · · ·Kψs/Q),Ad
0 ρ¯∗) ≤ s.
The base case s = 1 states that
dimH1(P1,Ad
0 ρ¯∗)Gal(K/Q) = dimH1(Gal(Kψ1/Q),Ad
0 ρ¯∗) ≤ 1,
where P1 = Gal(Kψ1/K) ⊂ Ad
0 ρ¯∗ is a Gal(K/Q)-submodule of Ad0 ρ¯∗. This fol-
lows from Lemma 6.1. The induction step from s to s+1 also follows from Lemma 6.1,
from which we see from inflation-restriction
dimFp Hom(Gal(Kψ1 · · ·Kψs+1/Q),Ad
0 ρ¯∗)
≤ dimFp Hom(Gal(Kψ1 · · ·Kψs/Q),Ad
0 ρ¯∗) + 1
≤s+ 1.
We conclude that L 6= F and we have deduced condition 1. We proceed to checking
condition 2. IfKψ ) F ⊇ K is a Galois extension ofQ,
ψ(Gal(Kψ/F )) ⊆ Ad
0 ρ¯∗
is aGal(K/Q) submodule ofAd0 ρ¯∗ and therefore by condition 3 of Theorem 1.1,
(Ad0 ρ¯)∗χ¯σ2L1
⊂ ψ(Gal(Kψ/F )).
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Further, Pχ¯σ2L1 is a 1 dimensional over Fp, and therefore,
ψ(Gal(Kψ/J)) = Pχ¯σ2L1 = (Ad
0 ρ¯)∗χ¯σ2L1
,
therefore we conclude that
F ⊆ J
and we deduce condition 2. The statement of the Proposition follows. 
Definition 6.7. Let J be a set of trivial primes that contains the set S. Let v /∈ J be a
trivial prime and k ∈ Z. Let
(6.2) ΨkJ := ker{H
1(GQ,J , (Ad
0 ρ¯)k)
resJ
−−→
⊕
w∈J
H1(Gw, (Ad
0 ρ¯)k)}
and
(6.3) ΨkJ∪{v},J := ker{H
1(GQ,J∪{v}, (Ad
0 ρ¯)k)
resJ
−−→
⊕
w∈J
H1(Gw, (Ad
0 ρ¯)k)}.
Let τv be a fixed choice of a generator of the maximal pro p quotient of Iv , denote by
(6.4) πkv : H
1(GQ,J∪{v}, (Ad
0 ρ¯)k)→ (Ad
0 ρ¯)k
be the evaluation map defined by
πkv (f) := f(τv).
Lemma 6.8. Let T be a set of trivial primes as in Proposition 5.3 that contains the set S. For
v /∈ T a trivial prime and k an integer such that for all β ∈ H1(GQ,T , (Ad
0 ρ¯)∗k), β↾Gv = 0,
the map πkv gives a short exact sequence of Fq vector spaces
(6.5) 0→ ΨkT
inf
−−→ ΨkT∪{v},T
pikv−→ (Ad0 ρ¯)k → 0
Proof. Clearly the composite of the maps is 0 and 6.5 is exact in the middle. We observe
that by Wiles’ Formula,
dimΨkT∪{v},T = dimΨ
k
T + dim(Ad
0 ρ¯)k
the exactness of 6.5 follows. 
The next proposition is a reiteration of [3, Proposition 34]withGL2 = GSp2 replaced
withGSp2n.
Proposition 6.9. Let T be as in Proposition 5.3. There exists a Chebotarev class l of trivial
primes v such that
(1) β↾Gv = 0 for all β ∈ H
1(GQ,T , (Ad
0 ρ¯)∗d) for d ≥ −2n + 2,
(2) there exists an Fq basis {ψ, ψ1, . . . , ψr} ofH
1(GQ,T ,Ad
0 ρ¯∗) such that
• {ψ1, . . . , ψr} is a basis ofΨ∗T
−1(Ann(zw)w∈T )
• ψ↾Gv 6= 0 and ψj ↾Gv = 0 for all j ≥ 1.
Furthermore, there is, for each v ∈ l, a full rank element h(v) ∈ H1(GT∪{v},Ad
0 ρ¯) such
that
h(v)|Gw = zw
for all w ∈ T and
(6.6) h(v)(τv) ∈ (Ad
0 ρ¯)−2Ln\{0}.
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Proof. The proof of this Proposition is divided into the following steps
(1) we begin by analyzing the various splitting/ non-splitting requirements for a
trivial prime required by the conditions 1 and 2.
(2) next we show that the splitting/non-splitting conditions of 1 and 2 are indepen-
dent.
(3) finally, we show that trivial primes may be chosen so that a class h(v) satisfy the
aforementioned properties.
Weobserve that (Ad0 ρ¯)∗d is anFq[G
′]-quotient ofAd0 ρ¯∗which consists of χ¯σ−1γ eigenspaces
for γ ∈ Φwith ht(γ) ≥ d. The condition 4 of Theorem 1.1 specifies that
(T ∩ Sp2n)(Fq) ⊂ ρ¯(GQ(µp))
and as a consequence for γ ∈ Φ, we deduce that σγ 6= χ¯±1 and hence (Ad
0 ρ¯)∗d has no
trivial eigenspaces and thus the splitting conditions imposed by condition 1 are indepen-
dent of the non-splitting condition inQ(µp2) imposed by the fact that trivial primes are
not 1 mod p2. Next we analyze the non-splitting condition ψ↾Gv 6= 0 of condition 2.
By Proposition 6.6 this is a condition on the extensionKψ overK which by Lemma 5.2
is a non-trivial Galois extension. We identifyP := Gal(Kψ/K)withψ(GK) ⊂ Ad
0 ρ¯∗
and by condition 3 of Theorem 1.1, the χ¯σ2L1 eigenspace Pχ¯σ2L1 for the action of the
torus
(T ∩ Sp2n)(Fq) ⊂ G
′
is not 0. On invoking Proposition 6.6we deduce that these conditions are satisfied by a
Chebotarev class of trivial primes v. We argue that the conditions 1 and 2 are indepen-
dent. Condition 1 corresponds to splitting conditions on the χ¯σ−1γ eigenspaces and the
condition 2 is a non-splitting condition on the χ¯σ2L1 eigenspace of P = Gal(Kψ/K).
The independence of 1 and 2 follow are a consequence of the assumption 4 of Theo-
rem 1.1 that T ∩ Sp2n(Fq) is contained in the image ρ¯(GQ). As a consequence of this
inclusion, it follows that
σ2L1 6= σ
−1
γ
forγ ∈ Φ\{−2L1} and therefore the condition in the χ¯σ2L1 eigenspace ofGal(Kψ/K)
is independent of the splitting conditions imposed by 1, which are in χ¯σ−1γ eigenspaces
ofAd0 ρ¯∗. Therefore, there is a Chebotarev class of trivial primes l consisting of primes
v for which both conditions are satisfied.
We now show that h(v) exists as specified. An application of the Taylor Wiles formula
that for a trivial prime v for which 1 is satisfied, for d > −2n+ 1 the restriction map
(6.7) H1(GQ,T∪{v}, (Ad
0 ρ¯)d)→
⊕
w∈T
H1(Gw, (Ad
0 ρ¯)d)
has the same image as
(6.8) H1(GQ,T , (Ad
0 ρ¯)d)→
⊕
w∈T
H1(Gw, (Ad
0 ρ¯)d).
A similar application of the TaylorWiles formula shows that since condition 2 is satisfied
it follows that the image of the map
(6.9) ΨT∪{v},T : H
1(GQ,T∪{v},Ad
0 ρ¯)→
⊕
w∈T
H1(Gw,Ad
0 ρ¯)
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is greater than that of the map
(6.10) ΨT : H
1(GT ,Ad
0 ρ¯)→
⊕
w∈T
H1(Gw,Ad
0 ρ¯).
The rest of the proof follows more or less verbatim as that in [3, Proposition 34]. We
deduce the existence of h(v) ∈ H1(GQ,T∪{v},Ad
0 ρ¯) satisfying the specified properties.
Since the image ofΨT∪{v},T is greater than the image ofΨT , there is a g ∈ H
1(GQ,T∪{v},Ad
0 ρ¯)
such thatΨT∪{v},T (g) /∈ Image(ΨT ). Let
W1 := Image(ΨT ) + Fq ·ΨT∪{v},T (g)
and
W2 := Image(ΨT ) + Fq · (zw)w∈T .
The argument in [3, Proposition 34] applies word-for-word to imply thatW1 = W2 and
so we deduce the existence of h(v) ∈ H1(GQ,T∪{v},Ad
0 ρ¯) for which
h
(v)
↾Gw
= zw↾Gw
for all w ∈ T . As we have observed,
Image(Ψ−2n+2T ) = Image(Ψ
−2n+2
T∪{v},T )
since h(v) /∈ Image(ΨT ) it follows that h(v)(τv) is not contained in (Ad
0 ρ¯)−2n+2. In-
voking Lemma 6.8, we deduce that on adding a suitable linear combination of elements
to h(v) from ker ΨdT∪{v},T for d > −2n+ 1, we modify the class h
(v) so that
h(v)(τv) ∈ (Ad
0 ρ¯)−2L1\{0}
as required. 
LetM be an Fq[Gv]-module which is a finite dimensional Fq-vector space. The cup
product induces the map
H1(Gv,M)×H
1(Gv,M
∗)→ H2(Gv,Fq(χ¯))
∼
−→ Fq
taking f1 ∈ H1(Gv,M) and f2 ∈ H1(Gv,M∗) to invv(f1 ∪ f2) ∈ Fq .
Remark 6.10. Let v be a trivial prime, let f1 ∈ H1nr(Gv,Fq) and f2 ∈ H
1(Gv,Fq(χ¯))
be ramified. Then f2(τv) and invv(f1 ∪ f2) together determine f1(σv) see the discussion
following [3, Proposition 32] for more details.
Definition 6.11. Let γ ∈ Φ be a root, letXγ ∈ (Ad
0 ρ¯)γ denote the root vector in the
root space (Ad0 ρ¯)γ andX
∗
γ ∈ (Ad
0 ρ¯)∗γ the dual root which takes the value e
∗
γ(eγ) =
e
2pii
q . LetH∗i denote the element ofAd
0 ρ¯∗ which takes (Ad0 ρ¯)γ to 0 for all γ ∈ Φ and
takes the values on t as follows
H∗i (Hj) =
{
e
2pii
q if i=j
1 otherwise.
Lemma 6.12. Let l be the Chebotarev class of trivial primes in the Proposition 6.9, there exists
an Fq independent set
{η(v)γ | γ ∈ Φ} ∪ { η
(v)
H1
, . . . , η
(v)
Hn
}
contained inH1(GQ,T∪{v},Ad
0 ρ¯∗), with
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• η(v)γ ∈ H1(GQ,S, εht(γ)),
• η(v)γ (τv) = X∗γ ,
• η(v)Hi (τv) = H
∗
i ,
• the images of the elements η(v)γ are a basis for the cokernel of the map
H1(GQ,T ,Ad
0 ρ¯∗)→ H1(GQ,T∪{v},Ad
0 ρ¯∗).
Proof. AsT is chosen such thatX1T (ε
∗
k) = 0 for allk ∈ Z, it follows fromWiles’ formula
[6, Theorem 8.7.9] that
dimH1(GQ,T∪{v}, εk) = dimH
1(GQ,T , εk) + dim εk
it follows that the map on evaluation at τv
H1(GQ,T∪{v}, εk)→ εk
induces a short exact sequence fo Fq vector spaces
0→ H1(GQ,T , εk)→ H
1(GQ,T∪{v}, εk)→ εk → 0.
The assertion of the Lemma follows. 
LetKγ denoteKηγ andKi denoteKηHi . We shall denoteKγ byK
(v)
γ andKi byK
(v)
i
when required to keep track of the prime v.
Lemma 6.13. The fieldsKγ for γ ∈ Φ andKi are all distinct. Let the χ¯σ2L1 eigenspace of
F ∈ {Kγ/K}γ∈Φ ∪ {Ki/K}1=1,...,n as aGal(K/Q)module cut out the subextension JF .
Then for F1 6= F2, F1 ∩ F2 ⊆ JF1 .
Proof. Suppose that for cohomology classes η1 6= η2, let Fi = Kηi . Suppose that
F1 = F2. Then let Pi = Imageηi, we have that P1 ≃ P2 as Gal(K/Q)-modules.
By Corollory 6.2, P1 = P2. Let P = P1 = P2. Since η1(τv) 6= η2(τv) and so η1 ◦ η
−1
2
induces a nontrivial Galois equivariant automorphism ofP . But by Lemma 6.1 no such
automorphism can exist and so we conclude that the fields considered are distinct. To
conclude the proof, we assume without loss of generality that F1 is not contained in
F2. As a result, Gal(F1/F1 ∩ F2) is nonzero and by condition 3 of Theorem 1.1, must
contain the χ¯σ2L1-eigenspace. In other words, JF1 contains F1 ∩ F2. 
Lemma6.14. Let v ∈ l and h(v) be as in Proposition 6.9. Then theGal(Lh(v)/L) ≃ Ad
0 ρ¯.
Proof. Let P := Gal(Lh(v)/L) ⊆ Ad
0 ρ¯, by construction, P−2L1 = (Ad
0 ρ¯)−2L1 , the
assertion follows from Lemma 6.3. 
Lemma 6.15. Let v1, v2 ∈ l and assume that v1 6= v2. Then the fields Lh(v1) and Lh(v2) are
linearly disjoint over L.
Proof. SetLi = Lh(vi) for i = 1, 2. The prime v1 is ramified inL1 and unramified inL2,
therefore, L1 6⊆ L2. Let P = Gal(L1/L1 ∩ L2). By Lemma 6.3 it suffices to show that
P−2L1 ≃ (Ad
0 ρ¯)−2L1 .
Since v1 is unramified in L2, and h
(v1)(τv) ∈ (Ad
0 ρ¯)−2L1\{0}, this is indeed the case.
The assertion follows. 
We recall that ζ2 is the chosen mod p
2 lift of ρ¯ in (6.1).
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Proposition6.16. There is a pair (v1, v2) from theChebotarev class of primes l in Proposition
6.9 such that for h = −h(v1) + 2h(v2) we have ρ2 := (I + ph)ζ2 ∈ Cramw for all w ∈
T ∪ {v1, v2}.
Proof. We set Cw := C
ram
w . For a pair v1, v2 ∈ l we observe that h = (−h
(v1) + 2h(v2))
satisfies
h↾Gw = zw
for all w ∈ T . We show that v1 and v2 may be chosen so that
h↾Gvi = zvi
for i = 1, 2. This is a modification of the argument in [3, Theorem 41]. Consider for
v ∈ l the elements h(v)(σv) and letA be the matrix that occurs most frequently, that is
with maximal upper density. Let l1 = {v ∈ l | h(v)(σv) = A}. Since there are finitely
many choices for A, the set of primes l1 has positive upper-density. Since h(τvi) ∈
(Ad0 ρ¯)−2L1 for i = 1, 2,
(Id+ ph(τvi))ζ2(τvi) ∈ Cvi
for i = 1, 2. Therefore, there are (not necessarily unique) matricesCi for i = 1, 2, such
that if h(σvi) = Ci for i = 1, 2 we will have
(Id+ ph)ζ2↾Gvi ∈ Cvi
for i = 1, 2. The values h(vi)(σvj ) are represented in the table below:
σv1 σv2
h(v1) A R
h(v2) E A.
We need E = (A + C1)/2 and R = 2A − C2. For v ∈ l1 let δ(v) ∈ H1(Gv,Ad
0 ρ¯∗)
be the cohomology class given by δ(v)(σv) = X
∗
−2L1
. Let x be the element that occurs
most frequently among the elements invv(δ
(v) ∪ h(v)) among primes v of l1. Set
l2 = {v ∈ l1 | invv(δ
(v) ∪ h(v)) = x}.
Reasoning aswe didwith l1, we see l2 has positive upper density. Supposewe first choose
v1 ∈ l2. Since h(v1) is full rank, choosing v2 ∈ l2 such that h(v1)(σv2) = 2A − C2 is a
Chebotarev condition on the splitting of v2 in Lh(v1) . The prime v1 is unramified in L
and any prime dividing v1 is ramified in any subextensionE such that L ( E ⊆ Lh(v1)
which is Galois overQ. As a consequence, Lh(v1) is disjoint from the fields defining the
Chebotarev condition l for which the prime v2 ramifies. We now show that choosing
h(v2)(σv1) = (A+C1)/2 is a Chebotarev condition on how v2 splits in the fieldsKγ :=
K
η
(v1)
γ
andKi := Kη(v1)
Hi
. For v ∈ l and γ ∈ Φ set z(v)γ equal to invv(η
(v)
γ ∪ h(v)). Using
the global reciprocity law and the fact that h
(v2)
↾Gw
= zw = h
(v1)
↾Gw
for w ∈ T we see that
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for γ ∈ Φ,
invv1(η
(v1)
γ ∪ h
(v2)) = −
∑
w∈T
invw(η
(v1)
γ ∪ h
(v2))− invv2(η
(v1)
γ ∪ h
(v2))
= −
∑
w∈T
invw(η
(v1)
γ ∪ h
(v1))− invv2(η
(v1)
γ ∪ h
(v2))
= invv1(η
(v1)
γ ∪ h
(v1))− invv2(η
(v1)
γ ∪ h
(v2))
= z(v1)γ − invv2(η
(v1)
γ ∪ h
(v2)).
Since z
(v1)
γ depends on v1 which is fixed, the variance of the right hand side of the equa-
tion comes from the term invv2(η
(v1)
γ ∪ h(v2)). The specification of invv1(η
(v1)
γ ∪ h(v2))
amounts to the specification of h(v2)(σv1). Let uγ = η
(v1)
γ (σv2)(X−2L1) as h
(v2)(τv2) is
a multiple ofX−2L1 , we see that
invv2(η
(v1)
d ∪ h
(v2)) = invv2(uγδ
(v2) ∪ h(v2)).
Since the pairing is not zero, we can choose uγ such that invv2(uγδ
(v2) ∪ h(v2)) takes on
any value. The collection of elements {uγ}γ∈Φ and {ui}i=1,...,n are determined by con-
ditions on v2 imposed by Chebotarev conditions on the χ¯σ2L1-eigenspaces of the Galois
extensions {Kγ/K}γ∈Φ and {Ki/K}i=1,...,n. By Lemma 6.13, these conditions on the
χ¯σ2L1-eigenspaces may be satisfied simultaneously. Let L denote the composite of the
fields determining the conditions for lwithQ(µp). LetF denote one of the fieldsKγ or
Ki. Since v1 ramifies in F , F ∩ L ( F . Let JF be the subextension of F cut out by the
χ¯σ2L1-eigenspace ofGal(F/K) ⊆ Ad
0 ρ¯∗. By condition 4 of Theorem 1.1, we deduce
that F ∩ L ⊆ JF . Therefore the Chebotarev conditions defining l are independent of
the conditions on the χ¯σ2L1-eigenspace ofGal(F/K).
Recall that l2 is not defined by a Chebotarev condition. Suppose, having chosen v1 ∈
l2 we cannot choose a v2 ∈ l2 making these values as we please. The condition im-
posed on v2 in l once a choice of v1 is made is contained in the intersection of l and a
family of Chebotarev conditions determined by the fieldsLh
(v1) , Kγ andKi as γ ranges
over Φ and i = 1, . . . , n. These conditions force the pair of matrices (R,E) = (2A−
C2,
(A+C1)
2
). It was shown in the preceding paragraph that the conditions on the fields
Kγ andKi are independent of the conditions defining l. On the other hand, by condi-
tion 4 of Theorem 1.1, Ad0 ρ¯ and Ad0 ρ¯∗ have no common eigenspaces. Therefore the
condition on Lh
(v1) is independent of the Chebotarev conditions defining l. Suppose
that l2 is such that for the choice of v1 there is no choice of v2 ∈ l2 for which the condi-
tions are satisfied. Let lv1 be the subset of l for which (R,E) 6= (2A− C2,
(A+C1)
2
) for
the choice of v1. We see that the density δ(lv1) is bounded above
δ(lv1) ≤ (1−
1
[E : K]
)
where E is the composite of the fields Lh
(v1) , Kγ and Ki as γ ranges through Φ and
i = 1, . . . , n. LetN := (1 + #Φ + n) dimAd0 ρ¯, since [E : K] ≤ qN , we deduce that
δ(lv1) ≤ 1− q
−N .
If for a sequence ofm primesw1, . . . , wm ∈ l2, it is not possible to find a second prime
for any of the primes wj , we deduce that l2 ⊆ ∩mj=1lwj . By Lemma 6.15, for i 6= j,
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Lh
(wi) andLh
(wj )
are linearly disjoint overL. Moreover, the conditions onGal(Kγ/K)
andGal(Ki/K) are on the χ¯σ2L1-eigenspaces when these Galois groups are viewed as
submodules of Ad0 ρ¯∗. Observe that wi is ramified in K
(wi)
γ and unramified in K
(wj)
γ .
Therefore, these fields are not equal. We deduce from condition 4 of Theorem 1.1 that
the intersection K
(wi)
γ ∩ K
(wj)
γ is contained in the subextension of K
(wi)
γ cut out by
the χ¯σ2L1-eigenspace. Likewise, the intersection is contained in the subextension of
K
(wj)
γ cut out by the χ¯σ2L1-eigenspace of Gal(K
(wj)
γ /K). Therefore, for γ, γ′ ∈ Φ,
the Chebotarev conditions on χ¯σ2L1-eigenspace of the field K
(wi)
γ is independent of
that on the fieldK
(wj)
γ′ . The conditions on L
h(wj ) are disctinct from those on the fields
Kγ andKi associated to wi, since Ad
0 ρ¯ andAd0 ρ¯∗ share no common eigenspaces (cf.
condition 4 of Theorem 1.1). Therefore, the Chebotarev conditions lwi ⊂ l and lwj ⊂ l
are independent for i 6= j. We deduce that δ(l2) ≤ (1 − q
−N)m. Since δ(l2) > 0
we deduce that after removing a finite set from l2, associated to any choice of v1 ∈
l2 one may find another prime v2 ∈ l2 for which the assertion of the Proposition is
satisfied. 
Proposition 6.17. For ρ2 has as in Proposition 6.16. IdentifyGal(K(ρ2)/K)with a subset
ofAd0 ρ¯. The class zv1 may be chosen so that the−2L1-component of ρ2(σv1)−Id ∈ Ad
0 ρ¯
is non-zero. For such a choice of zv1 ,Gal(K(ρ2)/K) = Ad
0 ρ¯.
Proof. Recall that since v is a trivial prime, ρ¯(σv) = Id. Replacing zv1 by zv1 + a for
some class a ∈ Nv1 if necessary, one produces an element for which ρ2(σv) − Id has
non-zero−2L1-component. Therefore, in particular, Gal(K(ρ2)/K)−2L1 6= 0. From
Lemma 6.3, it may deduced thatGal(K(ρ2)/K) = Ad
0 ρ¯. 
7. Annihiliating the dual-Selmer Group
Let ρ3 : GQ,T∪Z → GSp2n(W(Fq)/p
3) be the lift of ρ¯ obtained from the application
of Proposition 6.16. In showing that ρ3 can be lifted to characteristic zero, we enlarge
the set of primes T ∪Z to a finite set of primes Y such that Y \S consists only of trivial
primes. For v ∈ S we choose (Nv, Cv) as in 7. For primes v ∈ T\S we assume that we
have chosen a negative rootαv andCv = Cramv . At all primes v ∈ Y \T we choose the de-
formation condition Cv = Cnrv . We show that the dual-Selmer groupH
1
N⊥(GY ,Ad
0 ρ¯∗)
vanishes for a suitably chosen set of primes Y .
Proposition 7.1. Let α = 2L1 and let ρ3 : GQ,T∪Z → GSp2n(W(Fq)/p
3) and Y be as
above. LetW := (Ad0 ρ¯)−2n+2 be the submodule ofAd
0 ρ¯ spanned by root spaces (Ad0 ρ¯)β
for β 6= −α. Suppose f ∈ H1N (GY ,Ad
0 ρ¯) and ψ ∈ H1N⊥(GY ,Ad
0 ρ¯∗) are nonzero.
There exist a prime v /∈ Y such that
(1) v is a trivial prime,
(2) (Id+X−α)
−1ρ2(σv)(Id+X−α) ∈ T · Z(Uα).
(3) f /∈ Nv .
(4) β↾Gv = 0 for all β ∈ H
1(GY ,W
∗).
(5) ψ↾Gv 6= 0 and one can extend {ψ} to a basis ofH
1(GY ,Ad
0 ρ¯∗) such that β↾Gv = 0
for all elements β in this basis.
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Proof. Each condition is a finite union of Chebotarev conditions on a field extensions J
ofQ. We list these below, as well as the candidate eigenspaces for the conjugation action
of the prime to p subgroup ofGal(J/Q) onGal(J/K)
Condition J Eigenspaces of Gal(J/K)
(1) K(µp2) 1
(2) K(ρ2) 1, {σγ}γ∈Φ
(3) Kf 1, {σγ}γ∈Φ
(4) Kβ for β ∈ H1(GY ,W∗) χ¯, {χ¯σ−1γ |γ 6= −α}
(5) Kψ, Kβ χ¯, {χ¯σ−1γ }.
We show that these conditionsmay be simultaneously satisfied. By condition 4 of Theo-
rem 1.1, the intersection of any composite of fields from the first three conditions with
any composite of fields from the last two conditions isK . Thus, conditions (1), (2) and
(3) are independent of (4) and (5).
We show that the conditions (4) and (5) are independent of each other. This follows
from the fact that a trivial prime v can be chosen so that v does not split in the χ¯σ2L1-
eigenspace ofGal(Kψ/K). This follows from Proposition 6.9.
We show that the conditions (1),(2) and (3) may be simultaneously satisfied. It fol-
lows Proposition 6.17 thatGal(K(ρ2)/K) = Ad
0 ρ¯ and therefore has noGal(K/Q)-
stable subgroupD such thatGal(K/Q) acts trivially on Ad0 ρ¯/D. As Gal(K/Q) acts
trivially onGal(K(µp2)/K) we seeK(ρ2) ∩K(µp2) = K and conditions (1) and (2)
are independent. We consider (2) and (3). Suppose that Kf = K(ρ2), then choose v
satisfying conditions (1),(4) and (5) such that
(Id+X−α)
−1ρ2(σv)(Id+X−α) ∈ T ,
and has non-zeroH1 component. Condition (3) is then automatically satisfied. IfKf ⊆
K(ρ2) one of the submodules P1 := Gal(Kf/Q) and P2 := Gal(K(ρ2)/Kf) has
zero σ2L1-component. Therefore, by condition 3 of Theorem 1.1, either P1 or P2 is
zero. Since f 6= 0, P1 6= 0, hence P2 = 0. Therefore, if Kf ⊆ K(ρ2) we have that
Kf = K(ρ2).
We consider the case whenKf 6⊆ K(ρ2). We showKf ⊆ K(ρ2, µp2). AsK(ρ2) ⊆
Kf , by condition 3, Gal(Kf/(Kf ∩ K(ρ2))) ⊆ Ad
0 ρ¯ contains a non-trivial σ2L1-
eigenspace. IfKf ⊆ K(ρ2, µp2) thenGal(K(µp2)/K)would contain aσ2L1-eigenspace.
The action on this last group is trivial and therefore we have thatKf 6⊆ K(ρ2, µp2). Let
v be a prime satisfying conditions (1), (2), (4) and (5). AsKf 6⊆ K(ρ2, µp2), one has
the freedom to choose the e1,n+1-entry of f(σv) and therefore stipulate that f /∈ Nv.
Therefore all conditions may be satisfied and the proof is complete. 
Proposition 7.2. There is a finite set X such that X/(T ∪ Z) consists of trivial primes
satisfying the conditions of Proposition 7.1 such thatH1N⊥(GX ,Ad
0 ρ¯∗) = 0.
Proof. Let Y be a finite set of primes containing T ∪ Z such that all primes in Y not in
Z are trivial primes. IfH1N (GY ,Ad
0 ρ¯) 6= 0, we exhibit a trivial prime v not contained
in Y such that
dimH1N (GY ∪{v},Ad
0 ρ¯) < dimH1N (GY ,Ad
0 ρ¯).
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Therefore, on adjoining a finite set of trivial primes to obtain the setX , the Selmer group
H1N (GX ,Ad
0 ρ¯) = 0. Since
dimH1N (GX ,Ad
0 ρ¯) = dimH1N⊥(GX ,Ad
0 ρ¯∗),
the dual Selmer group does also vanish.
Let v be trivial prime which satisfies the conditions of Proposition 7.1. LetM be the
Selmer condition
Mw :=


Nw if w ∈ Y
H1(Gv,Ad
0 ρ¯) if w = v
H1nr(Gw,Ad
0 ρ¯) if w /∈ Y ∪ {v}
,
observe thatH1N⊥(GY ,Ad
0 ρ¯∗) containsH1M⊥(GY ∪{v},Ad
0 ρ¯∗) and the element ψ of
Proposition 7.1 belongs to H1N⊥(GY ,Ad
0 ρ¯∗) but not to H1M⊥(GY ∪{v},Ad
0 ρ¯∗) and
consequently,
(7.1) dimH1N⊥(GY ,Ad
0 ρ¯∗) > H1M⊥(GY ∪{v},Ad
0 ρ¯∗).
By Proposition 7.1 condition 4 the maps
Φ1 : H
1(GY ,W)→
⊕
w∈Y
H1(Gw,W)
and
Φ2 : H
1(GY ∪{v},W)→
⊕
w∈Y
H1(Gw,W)
have the same image, consequently,
dimker Φ2 − dim ker Φ1 = dimH
1(GY ∪{v},W)− dimH
1(GY ,W)
= dimH1(Gv,W)− dimH
0(Gv,W)
= dimH2(Gv,W)
= dimW
= dimH1(Gv,W)− dimH
1
nr(Gv,W).
(7.2)
By 7.2, we deduce that the sequence
(7.3) 0→ ker Φ1 → ker Φ2 →
H1(Gv,W)
H1nr(Gv,W)
→ 0
is a short exact sequence.
Define the maps
Φ3 : H
1(GY ∪{v},Ad
0 ρ¯)→
⊕
w∈Y
H1(Gw,Ad
0 ρ¯)
Nw
and
Φ4 : H
1(GY ,Ad
0 ρ¯)→
⊕
w∈Y
H1(Gw,Ad
0 ρ¯)
Nw
.
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From theCassels-Poitou-Tate long exact sequence and the vanishingofX2(GY ,Ad
0 ρ¯),
we deduce that the following sequences are exact
H1(GY ∪{v},Ad
0 ρ¯)
Φ3−→
⊕
w∈Y
H1(Gw,Ad
0 ρ¯)
Nw
→ H1M⊥(GY ∪{v},Ad
0 ρ¯∗)→ 0
H1(GY ,Ad
0 ρ¯)
Φ4−→
⊕
w∈Y
H1(Gw,Ad
0 ρ¯)
Nw
→ H1N⊥(GY ,Ad
0 ρ¯∗)→ 0.
From the assertion made in 7.1 we conclude that the difference in the dimensions of
images
(7.4) t′ := dim imΦ3 − dim imΦ4 ≥ 1.
It suffices to find dimAd0 ρ¯ − t′ + 1 elements in ker Φ3 no linear combination of
which lies inNv. It follows then that the restriction map
ker Φ3 →
H1(Gv,Ad
0 ρ¯)
Nv
has image with dimension strictly greater than dimAd0 ρ¯− t′. From the exactness of
0→ H1N (GY ∪{v},Ad
0 ρ¯)→ ker Φ3 →
H1(Gv,Ad
0 ρ¯)
Nv
one may deduce that
dimH1N (GY ∪{v},Ad
0 ρ¯) <dim ker Φ3 − dimAd
0 ρ¯+ t′
≤ dimH1N (GY ,Ad
0 ρ¯).
Therefore in order to complete the proof we proceed to construct dimAd0 ρ¯ − t′ + 1
elements in ker Φ3 no linear combination of which lies in Nv . We are in fact able to
construct dimAd0 ρ¯ elements, which suffices since t′ ≥ 1.
Let Z1, . . . , Zs be a basis ofW. We observe that kerΦ2 ⊆ kerΦ3. By the exactness
of 7.3 there exist ωi ∈ kerΦ2 such that ωi(τv) = Zi for i = 1, . . . , s. We show that
no linear combination of {f, ω1, . . . , ωs} lies inNv . LetQ = c0f +
∑s
i=1 ciωi ∈ Nv.
Since f is unramified at v, f(τv) = 0. On the other hand, Q(τv) =
∑s
i=1 ciZi ∈ W.
SinceQ ∈ Nv ,
Q(τv) = c(Id+X−α)Xα(Id+X−α)
−1
for α = 2L1 and some constant c. We deduce thatQ(τv) = 0 and therefore, ci = 0 for
all i = 1, . . . , s. As a consequence,Q = c0f . However, f /∈ Nv. It follows that c0 = 0
and therefore, Q = 0. Therefore no linear combination of {f, ω1, . . . , ωs} lies in Nv
and this completes the proof. 
To conclude the proof of Theorem 1.1, we observe that on choosing an appropriately
large choice of trivial primes the dual Selmer group vanishes and moreover, since we
may choose an arbitrarily large choice of negative roots and ρ2(σv) at a trivial prime v
is contained in T ·Z(Uα), we may arrange for ρ2 to be irreducible and as a consequence
the p-adic lift ρ is also irreducible.
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